In recent years, there has been growing interest in large-eddy simulation (LES) modelling of atmospheric boundary layers interacting with arrays of wind turbines on complex terrain. However, such terrain typically contains geometric features and roughness elements reaching down to small scales that typically cannot be resolved numerically. Thus subgrid-scale models for the unresolved features of the bottom roughness are needed for LES. Such knowledge is also required to model the effects of the ground surface 'underneath' a wind farm. Here we adapt a dynamic approach to determine subgrid-scale roughness parametrizations and apply it for the case of rough surfaces composed of cuboidal elements with broad size distributions, containing many scales. We first investigate the flow response to ground roughness of a few scales. LES with the dynamic roughness model which accounts for the drag of unresolved roughness is shown to provide resolution-independent results for the mean velocity distribution. Moreover, we develop an analytical roughness model that accounts for the sheltering effects of large-scale on small-scale roughness elements. Taking into account the shading effect, constraints from fundamental conservation laws, and assumptions of geometric self-similarity, the analytical roughness model is shown to provide analytical predictions that agree well with roughness parameters determined from LES.
This article is part of the themed issue 'Wind energy in complex terrains'. like R 2 n and their numbers like R −2 n ). In terms of the drag force, however, one expects the force to be finite, as flow sheltering of small elements in the wakes of large elements should avoid the divergence of the force.
It is these trends that we aim to model and address in this paper, i.e. we aim to develop modelling and simulation tools that can handle general fractal-like ground roughness distributions, including those with nominally infinite frontal area. Specifically, we first develop a numerical LES tool to handle flow over fractal-like ground roughness. With such a tool the effective hydrodynamic properties can be deduced from the simulation results. Based on these results, we also attempt to develop analytical models that can make fast and accurate predictions on roughness aerodynamic properties using only non-aerodynamic inputs.
Specifically, the paper is organized as follows. In order to generate empirical insights on flowroughness interactions when an increasing number of scales of roughness elements are included, in §2 we conduct a series of LES. We begin with LES in which the roughness spectrum is partly resolved and no model is included to account for the effects of unresolved roughness ( §2a). Next, in §2b, we aim to simulate the case where nominally we include the effects of the entire range of scales. To simulate flow over fractal-like roughness, including the full spectrum, the drag from unresolved roughness needs to be included in the LES. A possibility is to include this via specification of an effective roughness height, z 0,sg , the subgrid roughness (an LES wall closure). Compared with an ad hoc, empirical correlation, a dynamic approach that allows z 0,sg to depend on resolved flow conditions is usually preferred. Here we follow a combination of the approaches proposed in [36] [37] [38] based on the notion of scale invariance. Specifically, in order to develop a dynamic roughness model (DRM), we make the assumption that the high-Reynolds-number turbulent flow, by interacting with the geometrically scale-invariant rough surface, is itself scaleinvariant. With LES grids resolving part of the roughness and the DRM modelling drag from the subgrid roughness, simulations of flow over fractal-like rough surfaces are conducted.
To deduce the aerodynamic properties of a rough wall from an LES can still be expensive, and applications like wind farm siting often need more direct methods to determine the nearwall flow conditions. In such a context, an ARM that enables one to express directly the overall aerodynamic properties to the roughness geometry is still highly desirable. Also in analytical models of mean flow distributions in wind farms, one often needs to specify the roughness height of the ground surface underneath a wind farm [40] [41] [42] . However, to directly model flow interactions with roughness elements covering a broad range of scales is difficult. This topic is considered in §3. Because of the assumed scale invariance in the flow, by capturing realistically the flow interactions with roughness of a few scales (e.g. two neighbouring scales), we attempt to model the flow-roughness interaction for all scales by assuming the same flow-roughness interactions occur among all scales. 
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Figure 2.
A sketch of the roughness elements. Roughness element R 1 is thebasicelement,1 × 1 × 0.25R 1 (sidewise × height) in size where R 1 = 1 is the size of the largest element and R n+1 = 2 −n R 1 , n = 1, 2, 3, . . .. From here on, larger roughness elements are colored darker (unlike figure 1b where the larger elements are lighter for visibility).
neighbouring scales. The major phenomenon that needs to be modelled is the flow sheltering of small-scale roughness by nearby and upstream large-scale roughness elements. Flow sheltering is a commonly observed phenomenon and has been discussed in e.g. [17, [43] [44] [45] . By explicitly accounting for the flow sheltering effects, an analytical rough-wall model is developed. Model predictions are compared with the measured flow parameters from the LES and good agreement is found for the specific cases considered. Conclusions and a general outlook are presented in §4.
Large-eddy simulations (a) Roughness with finite hierarchies of scales
In this subsection, we present LES results of flow over ground roughness that includes only a few scales. We successively add roughness of decreasing scales to the LES domain until the roughness elements can only be barely resolved by the LES grids. Flow response to the range of scales in roughness is studied.
We use the in-house finite-difference code Vicar3D to solve the incompressible filtered NavierStokes equations. More details of the code and the LES set-up can be found in [17, [46] [47] [48] [49] . As described in prior papers [46, [50] [51] [52] , the code has undergone extensive validation tests. One validation test of particular interest to the present simulations can be found in [47] , in which LES results of flow over cube arrays are compared with experimental measurements of Meinders & Hanjalić [53] . As the present LES will be performed on fairly coarse meshes, we restrict our analysis to mean velocity distributions, which are expected to be less sensitive to grid spacing and subgrid-scale (SGS) modelling, than, say, second-order turbulence statistics.
We consider boundary layer flow over a bottom surface with a series of wall-mounted rectangular prisms randomly distributed on the bottom surface. The prisms all have the same aspect ratio, with relative length × width × height given by 1 × 1 × 0.25. That is to say, we consider elements with square horizontal planform sections and heights that are a quarter of the element horizontal size. The side of the largest roughness element is used as reference scale, i.e. R 1 = 1. At the (n + 1)th generation (gn) with n = 1, 2, 3, 4, we then have element sizes of R n+1 = 2 −n , and heights h n = 0.25R n (figure 2). No roughness elements of intermediate sizes are included, and the roughness height spectrum is thus discrete.
Rough walls are generated by distributing roughness elements of size R 1 , R 2 , R 3 , etc. onto the bottom surface. We begin by placing two R 1 elements randomly onto the bottom surface in a basic (repeating) tile element of size 6R 1 × 6R 1 in size. This leads to the first generation of rough wall g1 (figure 3a). The roughness solidity (defined to be the ratio of projected roughness frontal area to the planar area) of g1 is λ f = 0.014 and the ground coverage is λ p = 5.6%. The next generation elements of size R 2 are then placed at random locations on the surface (a total of eight to maintain the same average areal number density). Elements that overlap with larger generation elements are discarded, i.e. we do not place them 'on top' of larger generation elements. This choice is meant to simplify the analytical modelling that will be undertaken later. The resulting distribution is fractal, akin to a random two-dimensional Sierpinski carpet in which the 'holes' are formed by the elements. As mentioned before, because both the height and width halve while the (nominal) number of roughness elements quadruples at each step, the frontal area of all R n and all R n+1 is, nominally, the same and the total frontal area increases linearly with n and diverges to infinity when n → ∞. The actual area increases slightly less rapidly due to the few discarded overlapping elements. Thus a series of rough walls are generated by randomly placing roughness elements of decreasing sizes on to the remaining unoccupied ground ( figure 3b-d) . The nth generation of rough walls includes roughness elements up to the nth generation. To construct a rough wall that include roughness elements of n + 1 generations from an nth generation surface, the remaining unoccupied ground is covered using elements R n+1 at a ground coverage density λ p = 5.6% (for the presently considered particular case).
We use rough walls denoted as gn with n = 1, 2, 3, 4 to study the flow response to the range of scales in ground roughness. To reduce the uncertainty in the LES measurements, for each gn four surface realizations are independently generated, so that an ensemble average can be taken over four independent LES runs. Since n can be 1, 2, 3, 4, this leads to 16 simulation cases. We use gn-m to denote the mth realization of rough wall gn.
The LES computational domain is sketched in figure 4 for a g4 case. The domain is 16 × 6 × 6 in the x (flow), y (span) and z (wall-normal) directions, respectively. The mesh size is 256 × 96 × 96. The vertical mesh spacing is expanded beyond the turbulent boundary layer (above z = 2). Thirtytwo grid points are used to resolve the inlet boundary layer height (δ 0 = 1); eight grid points are used to resolve the height h 1 of a roughness elements R 1 . As roughness elements of decreasing sizes are successively added to the LES domain (for LES with no dynamic model for effects of SGS roughness), this grid size allows us to add, at most, elements down to size R 4 (as the height of R 2 is resolved by four grid points, R 3 by only two and R 4 is resolved only using four grid points in horizontal directions and only one point in the vertical). While the grid permits elements up to fourth generation, it is noted that elements R 3 and R 4 cannot be considered to be resolved by the immersed boundary method. Such poor and marginal resolutions, however, are to be expected when performing LES of rough surfaces with broad size distributions where only parts of the scales are represented on the grid. Our objective later will be to supplement the resolved drag forces with a subgrid model to account for the missing scales. Thus, it is of interest here to also include results of the poorly resolved R 3 and R 4 elements.
The elementary patch (or tile, sketched in figure 3 ) is repeated once in the streamwise direction. A downstream region of length 4 in the x-direction before the outlet is kept smooth without roughness elements in order to avoid possible complications near the outflow. The turbulent inflow is generated via the rough-wall rescaling-recycling technique presented in [48] . The inlet boundary layer height is δ 0 = 1. Simulating a spatially growing turbulent boundary layer allows figure 3 ) is repeated once in the streamwise direction. The inlet boundary layer height (which is equal to the sidewise length of the basic roughness element R 1 and four times its height) is used for normalization.
us to sample results at various downstream locations and thus ensure the roughness parameters to be obtained (z 0 , d) are independent of the relative boundary layer height compared with the height h 1 of the largest roughness element.
Periodic boundary conditions are used in the spanwise direction. The standard non-reflective outflow boundary condition is used at the outlet. The top boundary condition is a zero-gradient condition. The integral wall model (iWMLES) [47, 54] is used for prescribing the wall stress in these high-Reynolds-number LES where the viscous sublayer is unresolved (see [55, 56] for reviews of wall models in LES). The iWMLES approach enables one to capture non-equilibrium effects (such as pressure gradients) at a cost that scales similarly to the equilibrium wall model. No subgrid roughness is imposed at this stage, that is to say, we take the bottom and roughness element surfaces to be smooth and exposed only to viscous skin friction drag, as represented using the iWMLES approach, which includes a viscous sublayer in its assumed subgrid near-wall velocity profile. The Reynolds number based on the inlet boundary layer height and free stream velocity is Re δ = 10 6 . The element Reynolds number (based on the basic roughness height h 1 and velocity at the roughness height) is Re h ≈ 10 5 . The Reynolds number is sufficiently high for the overall flow to be in the fully rough regime although locally the iWMLES model allows some viscous wall stress to be applied, although it is a very small fraction of the total.
Figures 5 and 6 show instantaneous and averaged streamwise velocity contours on four horizontal plane cuts at z = h n , n = 1, 2, 3, 4, for case g4-1. We can see complex flow interactions with the roughness elements at various heights, including streak-like flow structures. In the mean contours, some indication of the elements underneath the plotted plane are visible through slight flow speed-up above the elements. As expected, regions of reduced momentum can found in the wakes immediately behind roughness elements. Figure 7a shows the temporally and spatially averaged velocity profiles for all cases. The spatial average is a horizontal average conducted over the full span (including points inside the roughness elements where the velocity is taken as zero), and from 3δ 0 to 9δ 0 in the streamwise direction. There is not much difference among the velocity profiles for gn-1, 2, 3, 4 (with a fixed n). The existing variability is due mainly to the randomness in the positions of the ground roughness elements. In figure 7b , the mean velocity profiles are plotted against (z − d)/δ 0 . We use the zero-plane displacement calculated from the analytical model (the Jackson model [57] , to be summarized in §3), i.e. it is not obtained from fitting. In figure 7c , we compare the profiles above the roughness layer (z > h) with the profiles plotted in inner units, where quantities are obtained from fitting a logarithmic profile. The logarithmic fitting is conducted between heights z = and 2.5h 1 . The von Karman constant is taken to be κ = 0.4. The resulting slope and intercept of the fitting yield the friction velocity u τ and the roughness length z 0 , which are then used to plot normalized results in figure 7c. As can be seen, the mean velocity profiles obtained from the LES follow the log law quite well over the available, relatively short, range of the inertial range. It can also be seen that u τ varies quite a bit between the various realizations at fixed n (as can be seen in the varying values of U 0 /u τ at the end points of the profiles). In table 1, we list all relevant quantities obtained from the fits.
Finally, we present the mean velocity profiles averaged over the several realizations. Results shown in figure 8 are averaged among four independent LES runs for generation gn (gn-1, 2, 3, 4). From g1 to g4, more roughness elements are added to the LES domain, and as a result more drag is produced and the mean velocity drops to lower values near the wall. Still, as can be appreciated from table 1, the roughness lengths obtained for the roughness elements are far smaller than the ∼10% of element height usually quoted for roughness lengths when elements are part of a distributed canopy. The reason is that here the elements (especially the large ones) are distributed very sparsely, and even the g4 case can be considered to be very sparse. As will be shown below, however, once SGS smaller elements are included, z 0 is significantly increased.
(b) Dynamic roughness model
In this section, we discuss how to perform LES that aims at reproducing the hydrodynamic effect of a limiting fractal surface, when lim n→∞ gn. Because the range of scales that can be resolved in LES is already severely limited by the grid size, the drag from subgrid roughness must be modelled. We follow Anderson & Meneveau [38] and parametrize the unresolved roughness with an effective roughness height z 0,sg and a DRM is formulated to determine z 0,sg (the approach used in [38] cannot be directly implemented here as it relied on a different numerical representation of resolved roughness elements, that were horizontally but not vertically resolved). Firstly, we relate z 0,sg with the effective roughness height of the rough wall including all roughness scales starting from n = 1 down to infinitely many small elements, i.e. case lim n→∞ gn. Denoting z 0 as the roughness length for this surface, including all scales and for which h 1 is the largest element height, it is to be expected that z 0 = C z h 1 . This scaling is expected to hold because, in the fully rough regime, the effective roughness height z 0 must scale with a characteristic roughness element height, and for a fractal surface, the only scale that can be identified is the largest scale (the large-scale cut-off). As a result of scale invariance, therefore, for an LES that resolves roughness elements only down to the nth generation, it follows that the effective roughness height of the unresolved roughness is
The overall roughness length z 0 can be measured dynamically in LES by invoking the log law at some height z = h:
HereŪ h is the averaged velocity at z = h, u τ is the friction velocity, u τ = (1/ρ)D/A T , whereD is the time-averaged total horizontal drag force on a planform area A T , and ρ is the fluid density. BothŪ h andD can be measured during LES. D consists of the form drag and the stress from the wall model. The form drag is obtained by integrating the pressure on the roughness elements (see [46] for a detailed description of how to obtain the pressure force from the immersed boundary method). To obtain the stress contribution from the wall model, the average streamwise-direction force per unit area applied by the integral wall model (iWMLES) is integrated over the whole ground area and roughness surfaces. For LES with the DRM, the integrated stress from the wall model includes also the drag from the subgrid roughness. The sum of the x-component (streamwise component) of the form drag and the wall shear stress yields the total drag force D.
To obtain time average values ofD andŪ h during simulation efficiently, a weighted average is evaluated as follows:φ
where φ is the quantity for which the time mean is being evaluated (in this case, D and U h ), dt is the time step used in LES, k is the current time step index and T φ is the averaging time scale. We use T U h ,D = δ 0 /(κ · 0.1U 0 ) [47] for both force and velocity averaging. OnceŪ h andD are determined, the DRM consists of simply rescaling the roughness length accordingly:
4)
z 0,sg can be imposed through any LES wall closure. In the present LES, we impose it via the integral wall model [47] . Note that this DRM does not account for the displacement height, for simplicity. In §2a, four rough-wall cases with up to four generations (g1, g2, g3, g4) are generated. Each generation resolves part of the roughness spectrum. The unresolved roughness can be modelled using the DRM (equation (2.4) ). That is to say, 16 LES cases previously considered in the last section are here repeated but with the DRM implemented as part of the simulation. For cases g1, only the first generation is explicitly resolved, while all successive generations are parametrized with the DRM. Figure 9 shows the resulting mean velocity profiles. Each profile is averaged over four realizations, i.e. over cases gn-1, 2, 3, 4 (fixed n). We see that the profiles above h 1 are rather independent of the range of scales resolved in the LES. In table 2, we have listed all relevant quantities obtained from the LES in conjunction with the DRM. It can be observed that now z 0 is significantly larger than what was obtained with a sparse distribution of only a few generations (1-4) of roughness elements. We conclude that the DRM is able to represent self-consistently the effects of a large range of unresolved roughness elements. By rescaling the measured total drag that at each time step includes the previously evaluated and rescaled total drag force, we are effectively representing the effects of an infinitely long range of scales, nominally for n → ∞. c is the convective velocity in the region above the sheltered region behind elements of generation n, and U (n) t is the velocity scale of turbulent mixing.
Analytical roughness for multiscale roughness
In this section, flow interactions with fractal-like roughness element distributions are modelled by adapting a new analytical approach that has been recently proposed for single-scale rectangularprism roughness elements [17] .
(a) Flow sheltering
Different from the cases considered in [17] , here the major effect we need to account for is the sheltering of small-scale roughness elements by large-scale roughness elements. Flow sheltering is common in rough-wall boundary layers. Qualitatively, extreme cases are referred to as 'd-type' and 'k-type' roughness [6] . 'd-type' roughness elements shelter each other and the flow 'skims' over the roughness elements, resulting in less drag. Considerable less flow sheltering happens in 'k-type' roughness and each element produces almost as much drag as an isolated element. The sheltering effect among roughness elements of similar sizes has been extensively discussed (see e.g. [17, 58] ). The flow sheltering considered here is among roughness elements of different sizes.
Consider the flow sketched in figure 10 . Downstream of a roughness element R n , there is a reduced-momentum fluid region. It 'shades' the ground area beneath. The small-scale roughness elements on the shaded ground see an incoming flow with much reduced momentum and do not produce much drag. Because all roughness elements are uniformly, randomly added onto the ground, on average the number of unshaded roughness elements to all roughness elements of a particular generation n is A T,e is the unshaded ground area (or the 'effective' ground area) available for roughness R n and A T is the total planform area.
In order to estimate the effective ground area available for roughness elements of each generation, we first need an estimate of the amount of shading one roughness element can produce. The volume of the sheltering region reduces due to vertical turbulent mixing as the fluid is convected downstream. With a convective velocity U (n) c and a velocity scale u (n) t for turbulent mixing, the fetch L n it takes for the low-momentum region to be 'eaten up' can be approximated as We can now define the frontal area of the unsheltered elements of roughness elements of the nth generation to be the 'effective frontal area' A (n) f,e = N n,e h n w n . This is the frontal area that is directly associated with pressure drag force. The 'effective' ground area that is left for the next generation is
f,e .
(3.1) λ p,n is constant (with respect to n) for the roughness considered in §2. Placing roughness elements of the nth generation R n takes planform area, leading to the first term on the right-hand side of equation (3.1). The second term is due to sheltering. The effective frontal area at the nth generation is (on average) determined by the effective ground area available for the nth generation, and is given by A
f again is a constant (with respect to n) for the ground roughness considered in §2. Equations (3.1) and (3.2) are the recurrence relations for calculating the effective ground area and effective frontal area at each generation. For n = 1, A (1) T,e is the nominal total ground area and A (1) f,e is the nominal frontal area of the roughness of the first generation. In this discussion, we have neglected the flow sheltering among roughness elements of the same size as well as the sheltering of large-scale roughness by small-scale roughness. The latter effect is presumably not significant. Neglecting the former effect, however, restricts the application of this model to small λ (n) f , where sheltering among roughness elements of the same size is weak. A correction can be made to account for this effect, and it is discussed later in this section.
We still need to estimate U
t . It is not unreasonable to assume that the flow, by interacting with scale-invariant ground roughness, becomes scale-invariant. Scale invariance and self-similarity in the flow indicate that the ratio U (n) c /U (n) t = const. should be independent of n. We denote this constant as α and evaluate α at a particular scale, namely n = 1. At the first generation, the mean velocity at z = h 1 can be used as the convective velocity and the velocity scale for turbulent mixing is simply the friction velocity u τ . Therefore, we have
We now solve for A
T,e and A
f,e using the recurrence relations in equations (3.1) and (3.2). Substituting equation (3. 3) into equation (3.1) leads to 
f,e can then be determined using the equation:
For the ground roughness considered in §2, λ f = 0.014, λ p = 0.056. However, an estimate for α =
(b) Constraints from conservation laws
In this subsection, fundamental constraints from conservation laws (momentum and velocity continuity) are incorporated in order to derive an estimate of α. First, we use the momentum balance to argue that the drag from the ground roughness elements is balanced by the downward momentum flux:
Above, N is the number of roughness generations, C dh is the drag coefficient for an isolated rectangular roughness defined based on the top velocity and we have used the quadratic law for the drag. Velocity continuity at the top of the boundary layer and at z = h (where we are setting h = h 1 ) imposes two constraints:
and 9) where U 0 is the free stream velocity, Π is the strength of the wake function [59] and is typically of order unity [6] , δ is the boundary layer height, d is the displacement height, z 0 is the effective roughness height and κ = 0.4 is the von Karman constant. Last, we invoke the hypothesis that d is the centroid height of the distributed drag force [57] :
where d n is the centroid height of the drag force associated with the roughness of the nth generation. Equations (3.7)-(3.10) can be used to solve for u τ , U h , z 0 and d.
Rewriting equation (3.10) using 
and U h is
The effective frontal area is given by equation (3.5) . With β n and d n known, equations (3.11)-(3.15) can be successively used to get α, d, z 0 , u τ and U h . However, β n and γ n still need to be estimated.
(c) Flow in the near-wall region
In this subsection, we estimate β n and γ n by examining the flow in the near-wall region. The mean flow in the near-wall region is known to be approximated well by exponential behaviour [17, 60, 61] : 16) where U h is the velocity at the top of the roughness layer, h is the roughness layer height and a is the so-called 'attenuation coefficient'. The overall shape of the exponential is controlled by this attenuation factor. Also, d n is the centroid of the drag force associated with the roughness of the nth generation. Because of self-similarity and scale invariance in the flow, it is reasonable to assume that γ n = d n /h n is a constant (with respect to n). Therefore, 17) where C d is the sectional drag coefficient. Roughness elements that contribute to the momentum balance and subsequently to equation (3.10) are unsheltered elements and produce as much drag as isolated elements. Therefore, in equation (3.17) , the attenuation coefficient for a sheltered roughness element, a 0 , needs to be used. Equating the drag force over an isolated roughness element to the distributed canopy drag force generated by the average profile yields
Substituting equation (3.16) into equation (3.18) , the attenuation coefficient for an unsheltered rectangular roughness element can be solved for. Using typically measured values for C d = 1 [15] and C dh = 0.7 [62] [63] [64] , the attenuation factor for an isolated roughness element is a 0 ≈ 0.4, as shown in [17] . Substituting into equation (3.17) leads to
For an estimate of β n , we use equation (3.16) with a = a 0 : (d) Sheltering among roughness elements of the same size So far we have neglected the sheltering among roughness elements of the same size. We can include this effect by considering the probability that a roughness element that is not sheltered by larger-size roughness elements is sheltered by an element of its same size. The corrected, reduced, effective frontal area A f,e is written as
f,e , (3.22) where p n is the probability that a roughness of scale R n is not in the shade of R n elements (where n < n) nor in the shade of any roughness elements of scale R n :
As expected from scale invariance, this probability remains a constant independent of n.
(e) Results
The analytical model is given by equations (3.6), (3.11)-(3.15), (3.19) about the element's shape and density distribution, the number of generations captured (in the analytical model this is denoted by N), the boundary layer height δ and the free stream velocity U 0 . The parameters used in this model include the von Karman constant for which a standard value κ = 0.4 is here taken, the sectional drag coefficient C d = 1, drag coefficient defined based on the top velocity C dh = 0.7 and the strength of the wake function, for which we use Π = 0.1 (for a mild wake function). The analytical model is algebraic so that no differential equation solution or numerical integration is required, although because of the coupling in equations (3.6) and (3.11), the system needs to be solved iteratively, and therefore numerically (because of the exponential including a power, the sum in equation (3.6) is not a simple geometric sum). Equations (3.6) and (3.11) should be solved iteratively for α and A (n) f,e . Once these are known, equations (3.12)-(3.15) can be sequentially used to solve for d, z 0 , u τ and U h .
Figures 12a-d compare the model predictions against the measurements from LES with and without the DRM. In figure 12a we see that the model (solid line) accurately follows the initial increase in z 0 observed earlier in the LES without the DRM (for which n = N, as in LES without DRM the cases for generation n contained only up to n elements without additional SGS contributions). Once the DRM approach is implemented in LES, one may consider that the LES is simulating the asymptotic case with infinitely many SGS roughness elements, due to the recursive renormalization inherent in the DRM approach. The resulting z 0 is much larger, around 0.09h 1 , and is plotted here at generation number N = 25 as it appears that by then the trend has converged and the drag is not further increasing. Naturally, in physical scales, N = 25 is unrealistic as by then the SGS elements would be far below the viscous range. Still the DRM in this case assumes arbitrarily high Reynolds number and so does the analytical model, so the comparison is still a fair one. Clearly, neglecting the sheltering effect (dashed line) yields slightly less accurate trends.
The model yields the displacement height as shown in figure 12b . As discussed before, this quantity is not measured from the LES but only modelled so no comparison can be made. The predictions of the friction velocity (drag) in figure 12c are rather excellent across all generations. The velocity at roughness height z = h 1 also agrees reasonably well with the model, as seen in figure 12d.
Conclusion
We conduct LES of turbulent boundary layers over random distributions of rectangular-prism roughness elements with a fractal-like, discrete, size distribution. First we consider finite hierarchies of scales. The flow response to the range of scales in ground roughness is investigated by successively adding roughness generations of decreasing scales on the bottom surface of the computational domain. A DRM is then developed to model the drag from unresolved roughness elements. The DRM assumes that the flow, by interacting with the self-invariant roughness element distribution, becomes itself scale-invariant. LES with this DRM yields mean flow profiles that show little or no dependence on the range of scales resolved in the simulation (grid resolution), allowing us to conclude that the DRM model is successful at reproducing the effects of SGS roughness elements regardless of how many generations are kept in the numerically resolved, and in the SGS, ranges, respectively.
Moreover, the flow interactions with fractal-like ground roughness are modelled using a fully analytical model that includes explicit accounting of sheltering and basic considerations of momentum balance and velocity continuity. It also includes a few required parameters such as the drag coefficient of individual rectangular-prism elements and the von Karman constant. Predictions from this analytical model depend explicitly on the number of generations included in the roughness. Thus, results could be compared with the LES at various resolutions, as well as with the DRM-based LES for the case that aims at representing the situation including a very large number of generations or roughness elements. Good agreement between the analytical model and LES results is found.
